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Abstract
In two recent papers we overhauled the theory of ternary complementary pairs, focusing on questions
relating to the possible weights of pairs, and special pairs from which all others can be derived, which we
call “primitive.”
Of particular interest at this time is a new refinement of the concept of primitivity, which necessitates
some revisions to our tables. In this article we report on the state of the art with respect to primitive pairs
and elaborate on some conjectures in light of new data.
30 new primitive pairs are given; the status of 12 previously “primitive” pairs is changed to “imprimitive.”
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
Sequence A = (a1, . . . , an) is ternary if ai ∈ {0,±1}, i = 1, . . . , n (in this paper all sequences
are ternary unless otherwise specified). The corresponding Hall polynomial is (the Laurent poly-
nomial)
fA(x) =
n−1∑
i=0
ai+1xi . (1)
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958 R. Craigen et al. / Journal of Combinatorial Theory, Series A 114 (2007) 957–963The conjugate of a Laurent polynomial f (x) is f ∗(x) = f (x−1). Conjugation is easily seen to
be an involution on the ring of Laurent polynomials, Z[x, x−1].
We say that a pair, A;B of integer sequences of length n is complementary if they have zero
(total) autocorrelation—that is, if their Hall polynomials satisfy the equation
(
fAf
∗
A + fBf ∗B
)
(x) = w, (2)
where w is some integer, which we call the weight of the pair. Clearly, if A and B are ternary,
then w is the total number of nonzero entries in the two sequences. We denote a ternary pair of
length n, for which (2) holds, by TCP(n,w).
Since this is an update of [2,3] we shall assume facts, terminology and conventions from these
papers; the reader is advised, therefore, to become familiar with those articles before reading on.
Here we add some further conventions suitable for our current purposes.
It will be convenient, for example, to work almost exclusively with the polynomial represen-
tation of TCP’s; to this end we shall abuse our terminology by referring to any ternary Laurent
polynomials f and g such that
(
ff ∗ + gg∗)(x) = w ∈ Z
as a TCP(n,w), where f , g both have degree (defined as the difference between the exponents
of the variable in the highest and lowest degree terms) n − 1. (Note that, by necessity, f , g have
the same degree unless one is a monomial, in which case we adopt the convention that both have
degree 0.)
Strictly speaking, such Laurent polynomials may involve some negative exponent of x and
thus not qualify as Hall polynomials of any actual sequence. But they are shifts of polynomials
that are, so we avoid this problem by associating every nonzero Laurent polynomial f (x) with
a unique reduced sequence by writing f (x) = xpf1(x), where f1(0) is defined and nonzero.
This uniquely determines f1, which is the Hall polynomial of some sequence F . We associate F
with f .
For example, the polynomials f (x) = x−2 + 1 − x2, g(x) = x−1 + x3 form a TCP(4,5) and
are associated, as outlined above, with the sequence pair (1010−);(10001).
Two such pairs are equivalent if the associated sequences are equivalent.
2. The standard product of TCP’s
The following result gives a well-known product of TCP’s, essentially the only construction
of its type so far, that appears in various (equivalent) forms throughout the literature; it was gen-
eralized (slightly) in [1]. Here ⊗ represents the Kronecker product of sequences, AR represents
the sequence obtained by reversing the entries of sequence A, and a pair of sequences is disjoint
if there is no position in which both are nonzero.
Theorem 1. If A;B is a TCP(m,u) and C;D is a TCP(n, v), and either A;B or C;DR is disjoint,
then (A ⊗ C − B ⊗ DR);(A ⊗ D + B ⊗ CR) is a TCP(mn,uv).
3. A new notion of primitivity
In [2,3] we introduced and developed a notion of primitivity based on the understanding that
Theorem 1 gave the “natural” product of TCP’s, a notion supported by the fact that no useful
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rem of Arithmetic” for TCP’s in which this product played the role of multiplication, and the
primitive pairs played the role of primes—a useful device for studying their structure, since this
focused attention on the primitive pairs, which were arguably fundamental, instead of other pairs
of more immediate value simply because they had fewer zero’s, but which are easily obtained
from primitive pairs, and whose structure and existence is somewhat mysterious.
However, in [1] the following new product of TCP’s has now been introduced.
Theorem 2. Let a(x);b(x) (= ∑aixi;∑bixi) be a TCP(m,u) and c(s);d(x) (= ∑ cixi;∑
dix
i) be a TCP(n, v) such that i − j = k − h implies piqj rhsk = 0:
1. for all i, j , h, k, with (p, q, r, s) = (a, b, c, d); and
2. for i = j, k = h, with (p, q, r, s) ∈ {(a, a, c, c), (a, a, d, d), (b, b, c, c), (b, b, d, d)}.
Then f ;g = (ac + bd);(a∗d − b∗c) is a TCP(m + n − 1, uv).
Although it may appear awkward initially, Theorem 2 is easily seen to generalize Theorem 1
and, more to the point: it is evidently “the” natural product of TCP’s—which necessitates a
revised notion of primitivity.
Therefore, henceforth we shall say that a TCP f ;g is primitive if it is inequivalent to any pair
obtained from two pairs of strictly smaller weight in Theorem 2.
To illustrate that this is a strict generalization of the prior notion, take a(x) = 1 + x6 − x12;
b(x) = x3 + x15, a TCP(16,5), and c(x) = 1 + x2 − x4; d(x) = 1 + x4, a TCP(5,5). Theorem 2
gives
f (x) = (1 + x6 − x12)(1 + x2 − x4)+ (x3 + x15)(1 + x4)
= 1 + x2 + x3 − x4 + x6 + x7 + x8 − x10 − x12 − x14 + x15 + x16 + x19;
g(x) = (1 + x−6 − x−12)(1 + x4)− (x−3 + x−15)(1 + x2 − x4)
= (x−15)(−1 − x2 − x3 + x4 − x7 + x9 − x12 + x13 − x14 + x15 + x16 + x19),
which correspond to reduced sequences F ;G = (1011−01110−0−0−11001);(−0−−100−
0100 − 1 − 11001), a TCP(20,25) listed in [2] as primitive.
Observe that every pair of prime weight is primitive, so our revision affects only composite
pairs. It is not hard to see that if one factor in the product of Theorem 2 has weight 2, then
the resulting pair is also equivalent to one obtained by Theorem 1. Thus, the smallest weight
affected by the new product is 25; the sequences in Table 1 are listed as primitive in [2] but are
not primitive in the our new sense.
The next affected weight is 40; primitive pairs (in either sense) of this weight have thus far
eluded our searches.
4. Update on the search for primitive pairs
Since [2], exhaustive searches for primitive pairs have been pushed farther. Table 2 lists all
currently known pairs (listing only weights for which the situation has changed).
We conclude with a few brief comments about the current state of our searches and some
comments about related questions.
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Formerly “primitive” TCP(n,25)’s rendered “imprimitive” by Theorem 2
(n,w) A;B
(19,25) (11 − − − 1 − −10101000101);(11 − 00011 − 0101101 − 0−)
(19,25) (11 − 00011 − 0 − 0 − −0 − 101);(11 − − − 1 − −10 − 0 − 000 − 0−)
(19,25) (11 − 00011 − 0 − 0 − 101101);(11 − 11 − − − 10 − 0 − 000 − 0−)
(19,25) (11 − 11 − − − 10101000101);(11 − 00011 − 0101 − 0 − −0−)
(20,25) (1011 − 01110 − 0 − 0 − 11001);(1011 − 0010 − 001 − 1 − −00−)
(20,25) (100010100111 − − − −1 − 01);(100110 − 101 − 10 − 01010−)
(20,25) (100110 − 10 − − − 010 − 0 − 01);(100010100 − 1 − 1111 − 10−)
(20,25) (1010 − 0101 − −01 − 011001);(1011 − 1 − − − −100 − 0 − 000−)
(20,25) (1011 − 1 − − − 11001010001);(1010 − 01011 − 0 − 10 − −00−)
(20,25) (1001110 − 01011 − 0 − 1 − 01);(100111 − −00 − 0 − 001 − 10−)
(20,25) (1001110 − 0 − 0 − 110 − 1 − 01);(1001111 − 0010 − 001 − 10−)
(20,25) (1011 − 0 − 1 − 010 − 0 − 11001);(1011 − 0010100111 − −00−)
Table 2
Currently known primitive TCP(n,w)’s, listed by weight
(n,w) Weight < 16: see [2]
Weight 16:
(12,16) (100 − −0 − 11 − 01);(1101100 − 101−)
(13,16) (10 − −0 − 010 − 101);(1110001 − 0101−)
(13,16) (100 − 001 − 11011);(101000 − 0 − 11 − −)
(14,16) (1 − 00001 − 001111);(1010 − 0 − 10 − 010−)
(15,16) (100 − 0001 − 110011);(111 − 0 − 00000 − 10−)
(16,16) (1 − 10 − 0 − 00000 − 011);(10010 − 011010100−)
(16,16) (100 − − − 01000010 − 1);(101010100000 − 11−)
(17,16) (10 − 0 − 001001010011);(11 − −000001 − 10000−)
(17,16) (10 − 00000000000 − 01);(110011100 − 0 − 1 − 11−)
(17,16) (10 − 1000 − 100 − 10111);(110 − 000100000 − 00−)
(21,16) (1000 − 0 − 0 − 000100010 − 01);(110000011000 − 1000001−)
(23,16) (110 − 00000000000001 − 1101);(11000000 − 0100000 − 100 − 0−)
(23,16) (110000011000001 − 00000 − 1);(1000001000 − 0 − 0 − 0100010−)
(23,16) (1010 − 000000100010000001);(101000100 − 01 − −0 − 001000−)
Weight 17:
(13,17) (1 − 10 − 00011101);(1010 − −010 − −1−)
(14,17) (1 − 00110 − − − 00 − 1);(1 − 0 − 00 − −00 − 01−)
(14,17) (1 − 1 − 010 − 011011);(100100 − − − 1000−)
(14,17) (1 − 101000 − 01011);(100111 − −01 − 00−)
(14,17) (1000110 − − − 01 − 1);(1010100011 − 01−)
(15,17) (101 − 0000010 − 111);(101 − 01001001 − −−)
(15,17) (101 − 110 − 0001001);(101 − 010110 − −00−)
(15,17) (10100 − 1 − 0111 − 01);(10000111 − 00 − 00−)
(21,17) (1001101 − 000100 − −10001);(1001100 − 00000001 − 000−)
(22,17) (101101 − 000 − 10000000001);(101000 − 0110 − 010000 − 00−)
Weight 20:
(14,20) (1 − 1 − −00 − 0 − −011);(10100 − 11 − 1110−)
(14,20) (10 − −11101 − 11 − 1);(10010 − − − 0 − 001−)
(15,20) (1 − 01 − −001100111);(10011 − 0 − 1 − 1100−)
(15,20) (1 − 01 − 0100000111);(101101 − 1 − − − 110−)
(15,20) (10 − − − −00 − 00 − 1 − 1);(1010 − 0 − 011 − 011−)
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(n,w)
(15,20) (10 − 0 − − − −1 − 1 − −01);(11000 − 0001 − 011−)
(15,20) (1000101 − 0 − 01 − 01);(11 − −11111000 − 1−)
(15,20) (10100 − 0000 − 11 − 1);(1011110 − −110 − 1−)
(15,20) (10100 − 10 − 1110 − 1);(10001111 − −00 − 1−)
(16,20) (1 − −10 − 001 − 0 − 1111);(11010010 − 000101−)
(16,20) (1 − −100 − 1 − 0 − 01111);(1001 − 0101000110−)
(16,20) (1 − 0 − 1 − 01011 − 0111);(100 − 00 − −00 − 1100−)
(16,20) (1 − 001000 − −1 − 0111);(101 − 110110 − 0010−)
(16,20) (1 − 100 − 100100 − −11);(1001 − − − −0 − 0 − 010−)
(16,20) (10 − −1001 − 0101011);(110011 − 0 − 0 − 1010−)
(16,20) (100 − − − 0 − 001 − 01 − 1);(10100110 − −11001−)
(16,20) (100 − 00 − −11101 − 01);(100 − 11101001 − 10−)
(16,20) (100 − 1 − 0 − 01 − −0 − 01);(1000 − 001111 − 110−)
(17,20) (1 − 1010110010 − − − 11);(1000110000 − 01 − 10−)
(17,20) (1 − 11 − 110001 − − − 111);(101000 − 000 − 0 − 000−)
(17,20) (10 − 00001 − 0 − 001011);(11 − 0 − −1 − − − 01 − 000−)
(17,20) (10 − 0111001 − 0 − 0 − 01);(1100010101 − 00 − 11−)
(17,20) (100000 − 11 − 110 − 0 − 1);(1000 − − − −000 − −101−)
(17,20) (100100110 − 01000 − 1);(10 − 1100 − − − −001 − 1−)
(17,20) (10011 − 10 − 001 − −001);(1111000 − 0101 − 001−)
(17,20) (1011000 − 00 − 110 − −1);(10 − 00011001101 − 1−)
(17,20) (1011010 − 10000 − −11);(1100 − −1 − 0 − 100 − 00−)
(18,20) (1000 − 00 − −110101 − 01);(10010101010 − −1010−)
(18,20) (11110000001 − −100 − 1);(1001 − 00 − 11100 − 100−)
(18,20) (1111 − 0 − 00000 − 010 − 1);(10100101 − 00110 − 10−)
(18,20) (11 − 0101000 − 0 − 0 − 101);(11010 − 100110 − 0100−)
(18,20) (110 − 0 − −10100110001);(110010 − 1001 − 0 − 100−)
(18,20) (1100 − 10000 − 0101001);(1111 − 1 − 000010 − −10−)
(19,20) (1001110 − 1001 − −00001);(10010 − 0 − 0 − 101 − −000−)
(19,20) (101101 − 01 − 00101 − −01);(10010 − 000 − −0 − 00100−)
(19,20) (1000001010 − 00000 − 01);(110 − − − 0 − −01 − 0 − 1 − 01−)
(19,20) (10010000 − 01 − 1110 − 01);(1101100 − 0001 − 0 − 001−)
(19,20) (100 − 0 − −100 − −1 − 00001);(1110100 − 0010 − 01001−)
(19,20) (10000 − 1 − −001 − −0 − 001);(1110100 − 0010 − 01001−)
(19,20) (110000110001 − 0 − 10 − 1);(100110001 − 0 − −01010−)
(19,20) (1101100000 − 0110 − 0 − 1);(1000 − 1 − 0 − 00 − −10010−)
(19,20) (11101000000000 − 10 − 1);(11100 − −101 − 0010 − 01−)
(19,20) (11 − 01 − −0 − 001100 − 101);(110100100001 − 00100−)
(19,20) (1100000 − −00101 − 1 − 01);(11 − 00 − 01 − − − 00 − 0000−)
(20,20) (1001 − − − 0001000101 − 01);(1001 − 00111000100 − 10−)
(20,20) (11 − −111110000 − 00 − 1 − 1);(1000000010001 − 00010−)
(21,20) (1011010 − 010 − 010 − 0 − 101);(101010 − 00010000010 − 0−)
(21,20) (100 − −100 − 00 − 000 − 00001);(1111000 − 01 − 01000 − 101−)
(21,20) (110010100 − 011000 − 00 − 1);(1000 − −0 − 0000 − 101 − 010−)
(21,20) (1110000 − 0010 − 011 − 10 − 1);(1000011100 − 1 − 0000000−)
(21,20) (1110000 − 1 − 0100 − 010001);(110 − 00001 − 00001 − −0 − 0−)
(22,20) (110100 − 0 − 010 − 0001 − 0001);(1101010 − 010001 − 001000−)
(22,20) (11000100 − 0 − 1001 − −00001);(110110 − 1000 − 100000100−)
(22,20) (110000 − − − 100 − −000000 − 1);(1000100100 − 1 − 01001010−)
(22,20) (11 − − − −0000000000 − 100 − 1);(10 − 00001 − 100101100010−)
(continued on next page)
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(n,w)
(22,20) (1011000 − 00100 − 0010 − 101);(101001 − −11001000000 − 0−)
(22,20) (10100110 − 00011 − 0 − 00001);(1010000 − −1 − −001 − 00000−)
(23,20) (1100001 − 010001001 − 0 − 001);(11100010 − 00000 − 0 − 10010−)
(23,20) (11000000 − −0100101 − 01001);(11000 − 0100 − 0 − 1 − 0000 − 00−)
(23,20) (1101100 − 100000 − 01000 − 01);(11 − 010100000 − 0 − 1010000−)
(23,20) (11 − 0011 − 0000000 − 0 − 00101);(1101 − 000011 − 1100000000−)
(23,20) (100100 − 0 − 01 − 00010000001);(111100 − 1000100 − 0010 − 01−)
(23,20) (100011100 − 10 − 001 − 000001);(111000 − 001000001 − 00 − 01−)
(23,20) (101001100 − −00010 − 000 − 01);(100001000 − 101 − 11001000−)
(23,20) (10010 − 00 − 001000 − 1110001);(10010000 − −0010 − 1 − 0 − 000−)
Weight 25:
(18,25) (11 − 010010 − 0011 − 1 − 1);(1000 − 1111101 − − − 10−)
(18,25) (110111 − −0101 − −1001);(11011 − −000 − 1 − 1 − 00−)
(18,25) (1101000 − −0100 − 1 − 11);(11010011 − −1101 − 1 − −)
(19,25) (1111 − 01100 − 1 − 0 − 10 − 1);(10100110 − −00011 − 10−)
(19,25) (11110 − 0 − 101 − 0001 − −1);(11011 − 110 − 000 − 0101−)
(21,25) (10111 − 00000 − 11 − 0 − 1101);(101100 − 001 − 10 − 010 − −0−)
(21,25) (100 − −1 − 0 − −00110010 − 01);(11100100 − 10101 − 00 − 11−)
(21,25) (101 − 11 − 000 − − − 00100 − 01);(1110 − 1 − 011010010 − 001−)
(21,25) (1011 − 000 − 00 − 10110 − 001);(1111000010 − 11 − −001 − 1−)
(21,25) (11 − −10000 − 1 − 110101001);(11011 − 0 − 0 − 00100 − −010−)
(21,25) (111 − −1 − 000 − 1000000011);(111 − −1 − −0 − 1 − 0 − 00000 − −)
(21,25) (110 − −0 − 0 − 1 − 0 − 01 − −1 − 01);(110100011 − 0 − 00000110−)
(22,25) (1110101 − 011 − −0001 − 00 − 1);(10001 − 1100 − 0 − 01001100−)
(23,25) (11110 − 100 − 100 − 1000 − 1001);(1111 − −001 − 000000 − 10 − 00−)
Weight 26:
(18,26) (1110110 − 1001 − 0 − −11);(11001 − 0 − 1 − 10 − 110 − −)
(19,26) (11010 − −0100 − −001 − 01);(1101110 − 1 − 1 − 011 − 10−)
(21,26) (11 − 0100 − −1 − 111100 − 101);(11010010 − 000 − 1 − −0100−)
(21,26) (11010100 − −010011 − 1 − 01);(1101 − 011000 − −01 − 0 − 10−)
(22,26) (1110 − −100001 − 000 − 00 − 01);(11110010 − 10 − 1 − 1 − 00110−)
(22,26) (110101101 − 0 − 10 − 11 − −001);(11 − 00 − 000010100 − −01 − 0−)
(22,26) (11010 − 1 − 0 − 0 − 000 − 10 − −01);(11 − 0101 − 010000 − 111100−)
(22,26) (11 − − − −1001010101010001);(1100 − −1 − 00 − 100 − 10 − 010−)
(22,26) (10110111 − 0 − 0110 − −1 − 001);(10100001 − −0001 − 11 − 000−)
(23,26) (1101100 − 00 − 10000110 − 001);(1110 − 0001 − 1 − 0 − 0 − 01 − −10−)
(23,26) (11 − 000 − 10 − −000 − 001 − 0001);(11 − 10 − 1 − 00111110 − 00100−)
(23,26) (11 − − − 10 − −1 − 01001 − 0 − 0001);(11 − 0 − −0 − 0 − 0 − 00 − 0000100−)
(23,26) (1111000 − −0010 − −1 − 01 − 0 − 1);(10100000001 − 10011 − 0110−)
(23,26) (10100 − 01 − 100 − 0110001001);(11110 − −1 − −0001 − −0000 − 1−)
Weight 29:
(23,29) (11 − 011 − 1 − 0000 − 0 − 0001001);(11 − 1101011 − − − 11101 − 000−)
(25,29) (11100 − 11101000 − −1 − 0001 − 01);(11 − −11000 − −00 − 1 − 100000 − 0−)
(28,29) (110110 − −001 − −1001 − 1 − 10001001);(110110 − 000101 − −010000000 − 00−)
w > 29: no primitive pairs known
1. It is not clear whether there is any significance to the fact that there are no primitive
TCP(20,25)’s in our new classification (the majority of the eliminated pairs had these para-
meters). Similarly, the abundance of primitive TCP(∗,20)’s is striking, but mysterious, and
it is tempting to speculate.
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tive pairs.
3. All primitive TCP’s of length > 21 in Table 2 are new except for those of weight 29. Our
searches uncovered 16 additional TCP(22,25)’s and 20 TCP(23,25)’s which are primitive
according to the definition of [3] but do not appear in this table because they do not satisfy
our current definition of primitivity.
4. We have concluded exhaustive searches for primitive TCP(n,w)’s for all n  23. Table 2
gives the complete output of two corroborating exhaustive searches for all TCP’s in the
orders shown, and gives all TCP(n,29)’s for n 28.
5. The product of Theorem 2 “overlaps” the “factor sequences,” potentially filling in more zeros
than the old standard product. This creates a genuine possibility of obtaining a smaller ratio
of n to w—one of the eventual goals of this study.
6. There is no TCP(23,17), suggesting that primitive TCP(n,17)’s have died out at this point,
supporting Conjecture 3 in [3]; this observation must be made cautiously because of the large
gap from n = 15 to n = 21; clearly disappearance in a single length does not automatically
imply that there are no longer ones.
Similarly, our searches rule out primitive TCP(n,w)’s for w < 26, n = 22,23, further sup-
porting Conjecture 3 of [3] that, for a given weight, there are only finitely many inequivalent
primitive pairs.
7. In [2] we observed a few inequivalent primitive TCP’s having identical support. By our
current definition, however, none of these are primitive, and there are no new examples
among the new pairs we give; it seems reasonable at this point to conjecture that this cannot
happen.
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